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In this paper, using the notion of the tight integral closure, we will give a
criterion for F-rationality of Rees algebras of -primary ideals in a
Ž .CohenMacaulay local ring. As its application, we prove the following results: 1
In dimension two, if A is F-rational and I is integrally closed, then the Rees
Ž .algebra R I is F-rational. On the other hand, in higher dimensions, we construct
many examples of CohenMacaulay, normal Rees algebras which are not F-
Ž . Ž .rational. 2 If both A and R I are F-rational, then so is the extended Rees
Ž . Ž . Ž . Ž Ž ..algebra R I . 3 If R I is F-rational and a G I 1, then A is F-rational.
On the other hand, using resolution of singularities, we will prove that a
two-dimensional rational singularity always admits F-rational Rees algebras. In
Žparticular, this theorem gives another way than that devised by Watanabe 1997, J.
.Pure Appl. Algebra 122, 323328 to construct counterexamples to the Boutot-type
theorem for F-rational rings.  2002 Elsevier Science
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0. INTRODUCTION
Throughout this paper, all rings are commutative Noetherian rings with
unity. Unless specified, we shall consider rings containing a field of
characteristic p 0.
The theory of tight closure of an ideal or of a submodule of a module
 was developed by Hochster and Huneke in HH1 . Using this concept, the
Ž .notion of F-rational rings resp. weakly F-regular rings was defined in
  Ž  . ŽFW resp. in HH1 . Namely, a local ring A is F-rational resp. weakly
. Ž .F-regular if every parameter resp. every ideal is tightly closed. Regular
Ž .rings are weakly F-regular and excellent F-rational rings are
CohenMacaulay and normal. Moreover, the rings of various important
Žclasses e.g. the invariant subring of a linearly reductive affine linear group
.acting on a regular ring are F-rational.
The notion of F-rational rings is very closely related to that of rational
singularities. Namely, if A is essentially of finite type over a field of
characteristic zero, then it is a rational singularity if and only if ‘‘modulo p
reduction’’ of the ring is F-rational for large enough prime p 0; see Sm,
Ha1, FW, and MS for details. Thus the notion of F-rational rings seems to
be important not only in commutative ring theory but also in the theory of
singularities.
Ž .Several properties CohenMacaulay, Gorenstein, etc. of Rees algebras
Ž .  R I  A It have been actively investigated by many authors. However,
Ž .as far as we know, it seems that the F-rationality of R I has not been
studied systematically yet. Nevertheless, several examples of important
classes of F-rational Rees algebras are known. For instance, the Rees
Ž .algebra R I with respect to a normal monomial ideal I over a polynomial
ring is F-rational. See also Example 2.14.
Also, in recent years, for Rees algebras over a regular local ring of
  Ž .characteristic zero Hyry Hy2 has given a criterion for R I to be a
rational singularity using the notion of coefficient ideals and that of
Ž .adjoint ideals Li3 .
The main purpose of this paper is to consider the following questions
Ž . Ž  .and to give a criterion for R I to be F-rational see also HWY .
QUESTION 1. Let A be a CohenMacaulay normal local ring of character-
istic p 0. Let I be an -primary ideal in A. Then:
Ž . Ž .a If the Rees algebra R I is F-rational, then when is the base ring
F-rational?
Ž . Ž .b Suppose that A is F-rational. If R I is CohenMacaulay and
normal, then is it F-rational?
Ž . Ž .c Is it true that both A and R I are F-rational if and only if
Ž .  1 R I  A It, t is F-rational?
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In order to obtain answers to the questions above, we prove the
following theorem, which is the main result in this paper. Also, this
Ž .theorem gives a criterion for R I to be F-rational in terms of the tight
 integral closure introduced by Hochster Ho .
Ž .THEOREM 2.2. Let A, be an excellent CohenMacaulay normal local
domain of positie characteristic p 0 with d dim A 2. Let I be an
Ž .-primary ideal in A and J f , . . . , f its minimal reduction. Then the1 d
Ž .Rees algebra R I is F-rational if and only if the following two conditions
hold.
Ž . Ž .a R I is CohenMacaulay.
Ž .b For all l 1 and 1 s ld, the equation
s l l s l lI , f A , . . . , f A * I 	 f , . . . , f A 2.2.1Ž . 4 Ž .1 d 1 d
holds; that is, if there exists a nonzero element c such that cx q 
 I sq 	
Ž l q l q. e s Ž l l .f , . . . , f A for all sufficiently large q p , then x
 I 	 f , . . . , f A.1 d 1 d
 4  4Also, I , . . . , I * denotes the tight integral closure of I , . . . , I .1 n 1 n
When this is the case, the following statements hold.
Ž .  4i A is F-rational for all prime 
 Spec A   .
Ž . d1ii J* J	 I .
Ž . Ž l l . Ž l l . Ž . l1iii f , . . . , f * f , . . . , f A	 f  f J* for all l 1.1 d 1 d 1 d
Ž . Ž . Ž . Ž . div I  A , where  A  ann 0 , the parameter testp ar p ar A H Ž A.
ideal of A.
The above theorem and several corollaries will be proved in Section 2.
Ž . Ž .In particular, a partial answer to Question 1 a is given as follows: If R I
Ž Ž .. Ž .is F-rational and a G I 1, then A is F-rational see Corollary 2.13 .
On the other hand, we will prove the following theorem in Section 3.
Ž .THEOREM 3.5. Let A, be a two-dimensional rational singularity of
characteristic p 0. Let I be an integrally closed -primary ideal in A such
Ž .that the blowing-up f : X Proj R I  Spec A is a resolution of singularity.
Ž m.Then the Rees algebra R I is F-rational for all sufficiently large m
.
Further, in the case of a two-dimensional rational double point of
‘‘small’’ characteristic, using Artin’s classification theorem we can deter-
Ž .mine the F-rationality of R  . In particular, one can obtain many
examples of non-F-rational local rings A having F-rational Rees algebras.
Ž .In particular, Question 1 a has a negative answer in general.
Furthermore, note that such examples also give other counterexamples
  Žto the Boutot-type theorem for F-rational rings; see also Wa . Note that
.the base ring A is a direct summand of its Rees algebra.
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Ž .Next we consider Question 1 b , which is an analogy of the following
question.
QUESTION 2. Let A be essentially of finite type oer a field of characteristic
Ž .zero. Let I be an -primary or any ideal. Suppose that A is a rational
Ž .singularity. If R I is CohenMacaulay and normal, then is it a rational
singularity?
In dimension two, Question 2 has a positive answer. In fact, in Li1,
 Ž .Proposition 1.2 , Lipman showed that R I is a rational singularity for any
integrally closed -primary ideal I in a rational surface singularity.
Ž .On the other hand, using Theorem 2.2, we can show that Question 1 b
Ž .has an affirmative answer in dimension two see Theorem 3.1 , which has
been independently proved by Huneke and Smith.
Ž .However, in the case of dim A 3, Question 1 b has a negative answer
 even if A is F-rational. In fact, Singh Si, Example 6.3 has given the
  Ž 2 3 6 7.following example: Let A k x, y, z, w  x 	 y 	 z 	 w , where k is
Ž .a field of characteristic p 7. Put I x, y, z, w . Then A is an F-
Ž .rational hypersurface and the Rees algebra R I is a CohenMacaulay
normal domain but not F-rational. In Section 5, we will generalize his
example and prove the following.
THEOREM 5.1. Let k be an algebraically closed field of characteristic
  Ž a0 a1 ad .p  0, and put A  k x , x , . . . , x  x 	 x 	 	x , where0 1 d 0 1 d
a , a , . . . , a are integers with 2 a  a    a . Further, suppose0 1 d 0 1 d
d Ž . Ž .that rÝ 1a  1 and p a r r 1 .i0 i d
Then the following statements hold.
Ž .1 A is an -graded F-regular domain with isolated singularity.
Ž . Ž .2 R  is CohenMacaulay.
Ž . Ž .3 R  is normal if and only if a  2, 3.1
Ž . Ž . Ž . Ž . Ž . Ž .4 R  is F-rational if and only if a , a  2, n , 3, 3 , 3, 4 ,1 2
Ž .3, 5 , where n is any integer with n 2.
Ž .We have no counterexample to Question 1 b when A is regular. But
 Hyry Hy1 has given a prime ideal I of height 2 over a three-dimensional
Ž .regular local ring such that R I is a CohenMacaulay normal domain but
 not F-rational. See Hy1, Hy2 for further details.
Ž .As for Question 1 c , in Section 4, we prove the following.
Ž . Ž .THEOREM 4.2. If both A and R I are F-rational, then so is R I .
Ž .In particular, in dimension two, R I is always F-rational if I is an
integrally closed ideal in an F-rational local ring.
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But we do not know whether the converse of Theorem 4.2 is true or not.
Ž .If A is essentially of finite type over a field of characteristic zero, R I is a
Ž .  rational singularity if and only if so is R I ; see HWY .
 In HWY , we will investigate the F-regularity of Rees algebras from a
geometric viewpoint. Since Gorenstein F-rational rings are F-regular, some
Ž .results on Gorenstein F-rational extended Rees algebras can be found in
 HWY .
1. PRELIMINARIES
Ž .Throughout this paper, let A, , k denote either a Noetherian local
ring with the maximal ideal  or an -graded ring which is finitely
generated over a field A  k with the irrelevant maximal ideal  A .0 	
Also, we assume that k A is an infinite field. Put d dim A, the
Krull dimension of A.
1.1. Notation. In the following, let I be an -primary ideal of A.
Then I contains a minimal reduction J of I; that is, J is a parameter ideal
r	1 r Ž .contained in I such that I  JI for some integer r 0. Put r I J
 r	1 r4 Ž .  Ž . 4inf r
  : I  JI and r I  inf r I : J is a reduction of I . We	 J
Ž .say that r I is the reduction exponent of I. Also, let I denote the integral
closure of I.
DEFINITION 1.2. Let t be an indeterminate over A, and let I be an
ideal in A. Then
Ž . Ž .   n Ž Ž .  1  n.i R I  A It  I resp. R I  A It, t  In
 n

Ž .is said to be the Rees algebra resp., the extended Rees algebra of I.
Ž . Ž . n n	1ii G I  I I is said to be the associated graded ringn

of I over A.
Ž . Ž . Ž . Ž . 1 Ž .Note that G I  R I I.R I  R I t R I .
ŽVarious properties e.g., CohenMacaulay and Gorenstein properties
.and normality of Rees algebras have been investigated by many authors.
 In particular, the following result in GS is well-known: Let A be a
Ž .CohenMacaulay resp. Gorenstein local ring with dim A 2, and let I
Ž . Žbe an -primary ideal of A. Then R I is CohenMacaulay resp.
. Ž . Ž . Ž Ž . .Gorenstein if and only if so is G I and r I  d 1 resp. r I  d 2 .
1.3. Local Cohomology. In general, for an ideal I of a Noetherian ring
iŽ .R, let H  denote the ith local cohomology functor with support inI
Ž .V I .
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Ž .As described in 1.1, let J f , . . . , f be a minimal reduction of an1 d
-primary ideal I. Put f f  f and g  ff for each i. Then the1 d i i
iŽ . i Ž .local cohomology H A H A may be computed as the homology ofI 
Ž .the modified Cech complex C f , . . . , f . In particular,1 d
d a
dH A  Cok  : A  A  : l 0, a
 A .Ž .  g f l½ 5iž / fi1
Ž .Now we put R R I and consider the local cohomology module
d dŽ . Ž . Ž .H R with support in V R . Since f t , . . . , f t RR , H R'Ž .R 	 1 d 	 R	 	
dŽ Ž .. d Ž .H C f t, . . . , f t . In particular, each graded piece of H R is1 d R	
given by
a
d n dl	nH R  t : l 0, dl	 n 0, a
 I .Ž .R l½ 5	 n f
 d Ž . d Ž . ŽŽ l. n Hence there exists a natural map H R H A af t R n 	 l .af for all n.
We recall the definition of a-invariant, which is closely related to
reduction exponent.
1.4. The a-inariant. Assume that R is an -graded ring over a local
Ž .ring R , and  R	 R is the irrelevant maximal ideal of R.0 0 0 	
Ž . Ž  .Then the a-inariant a R see GW is defined by
dim Ra R  sup n
  : H R  0 .Ž . Ž . 4 n
Ž .The following fact is important: if I is an -primary ideal and G I is
Ž . Ž Ž ..CohenMacaulay, then r I  a G I 	 dim A for every minimal re-J
duction J of I.
Ž .We denote the socle of a graded R-module M by Soc M 
Ž .Hom R, M . Then we putR
dim Rb R min n
  : Soc H R  0 .Ž . Ž . 4Ž . n
Ž .The invariant b R will be used in the proof of Proposition 2.10. In our
Ž . Ž Ž .. Ž situation, for any Rees algebra R I we have a R I 1 see GN,
. Ž Ž ..Lemma 3.3 and thus b R I  1.
1.5. Frobenius Map. In the following, we assume that A has prime
characteristic p 0. Let F: A A be the Frobenius map defined by
Ž . p eF a  a . We will always use the letter q for a power p of p and put
q  Ž q .I  a  a
 I A for an ideal I. We say that A is F-finite if the
Frobenius map is a finite morphism. Note that an F-finite local ring is
Ž .excellent Ku .
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We now recall the notion of tight closure.
Ž . Ž .DEFINITION 1.6 HH1, Hu, FW . i Let I be an ideal of A. The tight
closure I* of I is the ideal defined by x
 I* if and only if there exists an
element c
 A0 A  P such that for all sufficiently largeP
MinŽ A.
q pe, cx q 
 I q . We say that I is tightly closed if I* I.
Similarly, we can define the tight closure N for A-modules N, M withM
 NM, but we do not explain it here. See HH1 for details.
Ž . Ž .ii A local ring A in which every ideal resp. parameter ideal is
Ž .tightly closed is called weakly F-regular resp., F-rational .
Ž .iii A ring A is called F-regular if any localization of A is weakly
F-regular.
Ž . Ž .iv A Noetherian ring R is F-rational resp. weakly F-regular if and
only if so is R for every maximal ideal .
On the other hand, the following facts are well-known:
Ž  . Ž .Facts 1.7 cf. HH1, HH2, FW . i Regular rings are F-regular.
Ž .ii F-rational rings are normal.
Ž .iii An F-rational ring which is either a homomorphic image of a
CohenMacaulay ring or a locally excellent ring is CohenMacaulay.
Ž .iv A CohenMacaulay local ring is F-rational if and only if the
ideal generated by some system of parameters is tightly closed.
Ž .v Any localization of an F-rational ring is F-rational.
Ž .vi Gorenstein F-rational rings are F-regular.
Ž . Ž .vii Boutot-type theorem for F-regular rings Any pure subring of a
weakly F-regular ring is also weakly F-regular.
Ž .viii Suppose that A is a homomorphic image of a CohenMacaulay
local ring. If AxA is F-rational for some nonzero-divisor x
 , then A
is F-rational.
Remark. The Boutot-type theorem for F-rational rings does not hold in
  Ž .general. See Wa and Section 3. Moreover, viii does not hold in general
for F-regular rings.
In our proof of the main theorem, the notion of a ‘‘test element for
parameters’’ is important. So we recall the notion of test elements.
Ž  . Ž . 0DEFINITION 1.8 cf. HH1, HH2 . i We say that c
 A is a test
element for an ideal I of A if for all x
 I* and q pe, cx q 
 I q . If c is
Ž .a test element for all ideals resp. all parameter ideals of A, we say that c
Ž .is a test element resp. a test element for parameters .
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Ž . Ž . Ž Ž ..ii The ideal  A resp.  A generated by all test elementsp ar
Ž . Žresp. test elements for parameters is called the test ideal resp. the
.parameter test ideal .
Ž . Ž . dNote that  A  ann 0 if A is CohenMacaulay.p ar H Ž A.
In the proof of the main theorem, we need the existence of a nonzero
element c
 A such that c is a test element for parameters for both A
Ž .and R I .
Ž .PROPOSITION 1.9 Vel, Theorem 3.9; HH2, Theorem 6.1 . Let R be a
finitely generated reduced algebra oer an excellent local ring of positie
characteristic.
0 Ž .If c
 R is an element such that R is regular resp. F-rational , thenc
Žthere exists a power of c which is a test element resp. test element for all
.parameter ideals of R.
COROLLARY 1.10. Let A be an excellent local domain, and I a nonzero
ideal of A. Then there exists a nonzero element c
 I such that c is a test
Ž .element for parameters in both A and R R I .
Proof. Since A is an excellent local domain, there exists a nonzero
element d
 A such that A is regular and thus is F-rational. Puttingd
c de for any nonzero element e
 I, we have that c
 I and A isc
  Ž .F-rational. Moreover, R  A t note that t ctc
R is also F-c c c
Ž  Ž ..rational see e.g. HH2, Theorem 4.2 h . Thus the assertion follows from
Proposition 1.9.
The following criterion for F-rationality in terms of local cohomology is
well-known.
Fact 1.11. Suppose that A is CohenMacaulay. Then the following
conditions are equivalent.
Ž .1 A is F-rational.
Ž . Ž . Ž .  l  d Ž .d2 0  0 . That is, for any  af 
H A , if thereH Ž A.  0 eŽ .  q l q  d Ž .exists an element c
 A such that cF   ca f  0 in H A for
all sufficiently large q pe, then  0.
The following lemma may be known, but we put a sketch here for
 convenience of the readers. See also HH2, HW, TW, Vel .
Ž .LEMMA 1.12. Let A, , k be an excellent local domain. Put R
Ž .  R I  A It and  R	R . If R is F-rational, then R is	  P
Ž .F-rational for eery prime P
 Spec R .
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In particular, R is F-rational if and only if R is CohenMacaulay and

d	 10  0 .Ž . Ž .Ž .H R
Ž .Proof Sketch . First, suppose that A is a complete F-finite local
domain. Then R is F-finite and is a homomorphic image of a Gorenstein
ring T of finite Krull dimension. In particular, R possesses a finitely
generated canonical module K .R
Ž .Suppose that R is F-rational. Then R and hence R is 
Ž .CohenMacaulay and for some locally stable test element c
R there
exists q pe such that
cF e : H d	1 R R1 q  H d	1 R H d	1 R1 q x c1 q  xŽ . Ž . Ž . Ž . R  
 is injective. By TW, Appendix to Section 3 this map is the graded dual of
Ž Ž .i.e., is obtained by applying the functor Hom , E , where E de-R R R
.notes the injective hull of R in the category of graded R-modules, to
the map
e 1 qcF : Hom R , K Hom R, K  K . 1.12.1Ž . Ž . Ž .Ž .R R R R R
Hence the above map is surjective, and this surjectivity is preserved under
localization. Thus R is F-rational for all P
 Spec R by Vel, LemmaP
1.8 .
Next, consider the general case. By the same argument as in Vel,
Discussion 2.1, Lemma 2.3 , we can find a complete F-finite local ring
Ž .B,  which is faithfully flat over A with B such that S is S
 F-rational, where S B R; see also HH2 for more details. As we justA
saw, S is F-rational for every prime Q
 Spec S. It follows that R isQ P
also F-rational for all prime P of R, as required.
In order to state our main theorem in the next section, we recall the
notion of ‘‘tight integral closure’’ introduced by Hochster.
Ž .DEFINITION 1.13 Ho . Let A be a Noetherian ring of characteristic
 4p 0 and let I I , . . . , I denote a finite set of ideals in A. An1 n
 4  4element x
 A is in the tight integral closure I * of I if there exists an
element c
 A0 such that for all sufficiently large q pe, cx q 
Ýn I q.i1 i
Note that an element x
 A is in I if and only if there exists an element
0 n n  4c
 A such that cx 
 I for infinitely many n. Thus I * I. Moreover,
 4if an ideal I is generated by elements a , . . . , a , then the tight integral1 n
 4closure a A, . . . , a A * is equal to the tight closure I* of I by definition.1 d
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Thus the notion of tight integral closure can be regarded as a generaliza-
tion of these notions. In particular, the following fact will be needed in the
proof of the main theorem:
I 	 	I * I * I 	 	I . 1.13.1Ž .Ž .1 n 1 n
Ž   .See Ho, Proposition 1.4 . Also, it is known that I I* I.
We recall the notion of rational singularity.
DEFINITION 1.14. Let A be a normal local ring which is essentially of
finite type over a field of characteristic zero. Let f : X Y Spec A be a
Ž .resolution of singularities of Y. The ring A is said to be or have a
rational singularity if R j fO  0 for all j 0. Note that this propertyX
does not depend on the choice of a resolution.
In particular, we say that A is a rational surface singularity if A is a
rational singularity with dim A 2.
To define the notion of rational singularity, we need the existence of a
resolution of singularities. In characteristic zero, such resolutions are
known to exist by Hironaka. However, in characteristic p 0, the exis-
tence of such a resolution is not known in general. So Lipman and Teissier
 LT introduced the notion of pseudo-rational rings as a resolution-free
analogue of rational singularity as follows:
Ž .DEFINITION 1.15 LT . A local ring A is pseudo-rational if it is
normal, CohenMacaulay, analytically unramified, and if for every proper
birational map  : W Spec A with W normal and with closed fiber
1Ž .E   the canonical map
 : H d  O H d A H d W , OŽ . Ž . Ž .Ž . W  E W
Ž .is injective and thus is bijective .
Remark. In dimension two, it is known that there exists a resolution of
Ž  .singularities even in positive characteristic see e.g. Li1 under some mild
Ž .conditions e.g. excellent . Thus, in this case, we can define the notion of
rational singularity. Actually, any two-dimensional excellent normal local
ring is a rational singularity if and only if it is a pseudo-rational local ring
having a resolution of singularity.
 Smith Sm proved that excellent F-rational rings are pseudo-rational.
Moreover, any finitely generated algebra over a field of characteristic zero
Ž .is of F-rational type we do not define here if and only if it has at most
   rational singularities; see Sm, Ha and MS .
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2. A CRITERION FOR F-RATIONALITY
OF REES ALGEBRAS
The main purpose of this section is to give a criterion for F-rationality of
Rees algebras in case of -primary ideals. In the proof of the main
theorem, the ‘‘Sancho de Salas sequence’’ plays an important role. Indeed,
Ž .under the assumption that R I is CohenMacaulay, this sequence en-
d	1Ž Ž ..ables us to write each graded piece of H R I as the cokernel of the
dŽ Ž .. d Ž . Ž Ž ..natural injection H X, O n H A , where X Proj R I . Fur-X 
thermore, the notion of ‘‘the tight integral closure’’ also plays a central
role in describing the F-rationality of the Rees algebra.
In this section, we divide the proof of the main theorem into several
steps. Also, we will give partial answers to Questions 1 as corollaries of
Theorem 2.2. In the next section, using our main theorem, we will study
the case of two-dimensional local rings in detail.
2.1. Notation. In this section, we use the following notation unless
specified: Let A be an excellent CohenMacaulay normal local domain of
characteristic p 0 with d dim A 2. Also, suppose that the residue
field k A is infinite.
Ž .Let I be an -primary ideal of A and J f , . . . , f its minimal1 d
reduction. We put f f  f , g  ff for all i. Also, we put R1 d i i
Ž .  R I  A It ,  R	R , and GRI R. Moreover, we denote	
Ž . Ž . Ž .X Proj R and O n R n for n
 . Let E be the closed fiber ofX
the blowing-up f : X Spec A which is induced from the natural ring
Ž .homomorphism A R I .
Under the above notation, our main theorem in this paper is stated as
follows.
Ž .THEOREM 2.2. Let A, be an excellent CohenMacaulay normal local
domain of positie characteristic p 0. Let I be an -primary ideal in A and
Ž .J its minimal reduction. Then the Rees algebra R I is F-rational if and only if
the following two conditions hold:
Ž . Ž .a R I is CohenMacaulay.
Ž .b For all l 1 and 1 s ld, the following equations hold:
s l l s l lI , f A , . . . , f A * I 	 f , . . . , f . 2.2.1Ž . 4 Ž .1 d 1 d
0 q sq Ž l q l q.That is, if there exists an element c
 A such that cx 
 I 	 f , . . . , f1 d
e s Ž l l .for all sufficiently large q p , then x
 I 	 f , . . . , f .1 d
When this is the case, the following statements hold.
Ž .  4i A is F-rational for all prime 
 Spec A   .
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Ž . d1ii J* J	 I .
Ž . Ž l l . Ž l l . l1iii f , . . . , f * f , . . . , f 	 f J* for all l 1.1 d 1 d
Ž . Ž .iv I  A .p ar
Ž .Before proving the theorem, we examine the condition b in the
Ž .theorem. One can easily see that the condition 2.2.1 for s l is equiva-
s s Ž .lent to the condition that I  I . This implies that R I is normal.
Ž l q.Moreover, assume that R is CohenMacaulay. Then since R I is also
Ž l q l q. l qCohenMacaulay and f , . . . , f is a minimal reduction of I , if s ld,1 d
then we have
I sq  I dl q  f l q , . . . , f l q I l qŽd1. f l q , . . . , f l q .Ž . Ž .1 d 1 d
Ž . Ž l l .Hence if 2.2.1 holds for some s ld, then f , . . . , f is tightly closed1 d
Ž .and so that A is F-rational. Conversely, if A is F-rational, then 2.2.1
holds whenever s dl. Therefore we get the following corollary.
COROLLARY 2.3. Under the same notation as in Theorem 2.2, we further
Ž .assume that A is F-rational. Then the Rees algebra R I is F-rational if and
only if the following two conditions hold:
Ž . Ž .a G I is CohenMacaulay.
Ž .b For all l, s 1, the following equations hold:
s l l s l lI , f A , . . . , f A * I 	 f , . . . , f . 4 Ž .1 d 1 d
0 q sq Ž l q l q.That is, if there exists an element c
 A such that cx 
 I 	 f , . . . , f1 d
e s Ž l l .for all sufficiently large q p , then x
 I 	 f , . . . , f .1 d
Ž . Ž .Proof. Since excellent F-rational rings are pseudo-rational Sm , a
Ž . Ž .implies that R I is CohenMacaulay Li2 . Thus the assertion follows
from the above argument.
From now on, we now prove Theorem 2.2. We begin with the ‘‘Sancho
 de Salas sequence’’ with respect to the Rees algebra R; see e.g. Li2, SS .
Ž .LEMMA 2.4 Sancho de Salas Sequence; hereafter SS . Under the same
notation as in 2.1, we hae an exact sequence
 H i R  H i I n  H i X , O nŽ . Ž . Ž .Ž .   E X
n0 n

H i	1 R   . SSŽ . Ž .
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In particular, if R is CohenMacaulay, then we get
COROLLARY 2.5. Under the same notation as in 2.1, suppose that R is
CohenMacaulay. Then we hae
0, if 2 i d 1,
d	1i  H R , if i d and n1,Ž .H X , O n Ž . Ž . nE X
dH A , if i d and n 0.Ž .
In particular,
H d	1 R  H d X , O n t n . 2.5.1Ž . Ž . Ž .Ž . E X
n0
Proof. Since A is a CohenMacaulay local ring with d dim A 2
n i Ž n.and AI is a module of finite length, we have H I  0 for all
2 i d 1 and for all n.
Ž .If 2 i d 1, then from SS we have
0H i R  H i I n  H i X , O n H i	1 R  0.Ž . Ž . Ž . Ž .Ž .   E X 
n0 n

i Ž Ž ..This implies that H X, O n  0 for all 2 i d 1.E X
Ž .If i d, from SS we have
0H d R  H d A  H d X , O n H d	1 R  0.Ž . Ž . Ž . Ž .Ž .   E X 
n0 n

Ž .  d	1Ž .Moreover, it is well-known that a R 1; that is, H R  0 for n
all n 0. Hence we get the required assertion.
The following lemma is well-known, but we include it for completeness.
LEMMA 2.6. Under the same notation as in 2.1, there exists an exact
sequence and an isomorphism of graded R-modules as follows:
Ž . 0 Ž . 0Ž Ž .. 1 Ž .1 0H R R H X, O n H R  0.R X Rn
	 	
Ž . i	1Ž . iŽ Ž ..2 H R  H X, O n for all i 1.R Xn
	
The following lemma plays a key role in the proof of Theorem 2.2.
LEMMA 2.7. Under the same notation as in 2.1, suppose that R is
CohenMacaulay. Then we hae the following exact sequence for all n1:
	 
n nd1 d d d	10H X , O n  H R  H A  H R  0.Ž . Ž . Ž . Ž .Ž .X R   n	 n
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1Ž .Proof. As E f  is closed in X, there exists an exact sequence
0H d1 X , O n H d1 X , O n H d1 X  E, O nŽ . Ž . Ž .Ž . Ž . Ž .E X X X
H d X , O n H d X , O n  0,Ž . Ž .Ž . Ž .E X X
where the first vanishing follows from Corollary 2.5 and the second one
d	1Ž .follows from Lemma 2.6 and H R  0.R	
 4 d1Ž Ž .. d Ž .Since X  E Spec A   , we have H X  E, O n H AX 
Ž  .see e.g. TW, Proposition 1.17 . Therefore we get the required exact
sequence by Corollary 2.5 and Lemma 2.6 again.
Remark. Using the method of Lipman and Teissier, we can regard the
above homomorphism 	 as the homomorphism described in 1.3:n
ŽŽ l. n .  l 	 af t  af .n
In the following, let 	 and 
 denote the homomorphisms described inn n
 l  Ž .Lemma 2.7. We ask when af 
 Im 	 . For that purpose, we need then
following lemma.
LEMMA 2.8. Let A be any CohenMacaulay local ring of dimension
Ž .d 2. Let I be an -primary ideal in A and J f , . . . , f A its minimal1 d
Ž .reduction. Suppose that GG I is CohenMacaulay. Then for all integers
l, r, s 1 with 1 s dl,
rs	d r l	r l	r s l lI 	 f , . . . , f : f  f  I 	 f , . . . , f . 2.8.1Ž . Ž .Ž . Ž .1 d 1 d 1 d
Proof. By induction on r, we may prove only the case when r 1 in
Ž .2.8.1 ,
s	d l	1 l	1 s l lI 	 f , . . . , f : f  f  I 	 f , . . . , f . 2.8.2Ž .Ž . Ž .1 d 1 d 1 d
Ž . 2We shall now prove 2.8.2 . First we put X  f mod I 
G, the initiali i
Ž s	d Ž l	1 l	1..form of f for all i. Suppose that a
 I 	 f , . . . , f : f  f .i 1 d 1 d
s Ž l l . s1 sTo see a
 I 	 f , . . . , f , we may assume that a
 I  I . Then it1 d
Ž l l . ssuffices to show that a*
 X , . . . , X , where a* a mod I .1 d
By our assumption, we can write
d
l	1 s	daf  f 	 a f 
 I . 2.8.3Ž .Ý1 d i i
i1
Take the maximum integer k 0 such that a 
 I k for all i 1, . . . , d.i
Ž . Ž .Case 1 k	 l	 1 s	 d . In this case, 2.8.3 implies that af  f1 d

 I s	d; thus a
 I s	d : f  f  I s, which follows from X  X being1 d 1 d
a nonzero-divisor in G.
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Ž .Case 2 k	 l	 1 s	 d 1 . Let b denote the homomorphic im-
age of b
 A in AI k	1. By assumption, we have
d
l	1a*X  X 	 a X  0 in G .Ý1 d i i s	d1
i1
Ž l	1 l	1. Ž l l .Hence a*
 X , . . . , X : X  X  X , . . . , X as required.1 d 1 d 1 d
Ž . Ž .Case 3 k	 l	 1 s	 d 2 . In this case, 2.8.3 implies that
d l	1 l	1 l	1Ž .Ý a X  0 in G . It follows that a
 X , . . . , X for all i.i1 i i k	l	1 i 1 d
Thus we can write
af  f 	 a f l	1 f l	1 
 I s	d .Ý1 d i j i j
1ijd
Take the maximum integer k such that a 
 I k for all i, j.i j
Ž . s	d sIf k	 2 l	 1  s	 d, then af  f 
 I ; thus a
 I . If k	1 d
Ž .2 l	 1  s	 d 1, then
l	1 l	1a*X  X 	 a X X  0 in G .Ý1 d i j i j s	d1
1ijd
Ž l	1 l	1.2 Ž l l .This implies that a*
 X , . . . , X : X  X  X , . . . , X as re-1 d 1 d 1 d
Ž .quired. So we may assume that k	 2 l	 1  s	 d 2. Then
l	1 l	1a X X  0 in G .Ý i j i j k	2Ž l	1.
1ijd
l	1 l	1Ž .Then one can easily see that a 
 X , . . . , X for all i, j, sincei j 1 d
X , . . . , X are homogeneous parameters of degree one in G. Namely, we1 d
can write
af  f 	 a f l	1 f l	1 f l	1 
 I s	d .Ý1 d i i i i i i1 2 3 1 2 3
1i i i d1 2 3
By repeating the above argument, we see that the lemma follows from that
a
 I s if
af  f 	 a f l	1  f l	1 
 I s	d . 2.8.4Ž .Ý1 d i    i i i1 d 1 d
1i  i d1 d
Ž .But this is clear. Actually, since d l	 1  dl	 d s	 d by assumption,
s	d Ž . swe obtain that af  f 
 I from 2.8.4 . Hence it follows that a
 I ,1 d
which completes the proof.
Ž .Remark. In the above lemma, further assume that R I is
dl Ž l l .CohenMacaulay. Then since I  f , . . . , f for all l 1, we can relax1 d
the assumption that s dl.
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The following corollary follows from the above lemma, which will be
used in the proof of Theorem 2.2.
COROLLARY 2.9. Under the same notation as in Lemma 2.8, we further
suppose that l, n are positie integers such that dl n 1. Then for any
element a
 A,
a
dln l l
 Im 	 if and only if a
 I 	 f , . . . , f .Ž . Ž .n 1 dlf
 l  Ž .Proof. It is enough to show that  af 
 Im 	 implies thatn
dln Ž l l . Ž .  m a
 I 	 f , . . . , f . Indeed, if 
 Im 	 , we can write  bf1 d n
for some integer m l and for some b
 I d mn. Then we get
a b Ýa f Ni i ml Nff f
NmŽ m l .for some integer Nm and for some a 
 A. Hence f af  b i
N Ž N N .Ýa f 
 f , . . . , f . Thus we havei i 1 d
af m l
 I d mn 	 f N , . . . , f N : f Nm  I d mn 	 f m , . . . , f m .Ž .Ž .Ž .1 d 1 d
Put s dl n and rm l. Then since 0 s dl and r 0, by
virtue of Lemma 2.8 we get
a
 I s	d r	 f l	r , . . . , f l	r : f r  I s 	 f l , . . . , f l .Ž . Ž .Ž .1 d 1 d
We now prove the main part of Theorem 2.2 by proving the following
proposition, which is a more practical version. In fact, for example,
Proposition 2.10 says that if R is Gorenstein, it suffices to check only the
Ž .case when s dl 1 in 2.10.1 . See also Corollary 2.12 and Corollary 3.3
for more details.
PROPOSITION 2.10. Under the same notation as in 2.1, we further assume
Ž .   Ž d	1Ž ..that R is CohenMacauley. Put b R min n
  : Soc H R n
4Ž . 0  1 as described in 1.4. Then R is F-rational if and only if
s l l s l lI , f A , . . . , f A * I 	 f , . . . , f A 2.10.1Ž . 4 Ž .1 d 1 d
 Ž .4holds for all l 1 and for all s with max 1, dl b R  s dl 1.
Ž .When this is the case, 2.10.1 holds for all l 1 and 1 s dl 1.
Proof. By Corollary 1.10, we can take an element c
 I which is a test
element for parameters in both A and R. Then from Lemma 2.7, for all
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q pe and for all n1, we have the following commutative diagram
with exact rows:
	 
n nd d d	1    Ž . Ž .  Ž .0 H R H A H R 0R n   n	
  
Ž .2.10.2
e e ecF cF cF
	 
qn qnd d d	1    Ž . Ž .  Ž .0 H R H A H R 0.R qn   qn	
Ž . d	 1First, we prove the ‘‘if’’ part. To see this, we show that if 
 0 H Ž R . n
Ž d	1Ž ..then  0. We may assume that  is a generator of Soc H R .
Ž d	1Ž ..  d	1Ž .Since Soc H R is a graded module, we have a
 H R for  n
Ž . Ž Ž . .some n with 1n b R note that a R 1 . Since 
 is surjec-n
Ž .  l  d Ž .tive, we can write  
  for some  af 
H A , where a
 An 
Ž eŽ .. eŽ . eŽ .and l 1. Since 
 cF   cF   0 by definition, cF  nq
 q l q  Ž . eca f 
 Im 	 for all sufficiently large q p . Applying Corollarynq
q dl q	nq Ž l q l q.2.9 yields that ca 
 I 	 f , . . . , f . It follows from the assump-1 d
Ž . dl	n Ž l l .  l  Ž .tion 2.10.1 that a
 I 	 f , . . . , f . Thus  af 
 Im 	 and1 d n
so  0. Hence R is F-rational.
Next, in order to prove the ‘‘only if’’ part, we suppose that R is
Ž .F-rational. Then we must show that 2.10.1 holds for all l 1 and
1 s dl 1.
 s l l 4 0For a given element a
 I , f A, . . . , f A *, there is an element d
 A1 d
q sq Ž l q l q. esuch that da 
 I 	 f , . . . , f for all sufficiently large q p . If1 d
necessary, replacing d with dc
 I, we may assume that d c.
Ž .  l  d Ž .Put n s dl 1 and  af 
H A . Further, we put g  i
ff as described in 2.1. By assumption, for all sufficiently large q pe, wei
get
d
q Žq. l q sq Žq.ca  b 	 a f for some b 
 I and a 
 A.Ýsq i i sq i
i1
This implies that
q Žq.dca b a bsq i sqecF    	  
 Im 	 .Ž . Ž .Ý nql q l q l q l qf f g fii1
Ž .  d	1Ž . eŽ . Ž eŽ ..If we put  
  
 H R , then we have cF   
 cF n  n nq
Ž .  Ž . sd	 1 0. Hence 
 0  0; that is, 
 Im 	 . Hence a
 I 	H Ž R. n nl lŽ .f , . . . , f by Corollary 2.9. This completes the proof.1 d
In order to complete the proof of Theorem 2.2, we prove the following
proposition, which gives necessary conditions for R to be F-rational. But
Ž .these conditions are not sufficient even if dim A 2 see Section 3 .
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PROPOSITION 2.11. Under the same notation as in 2.1, suppose that R is
F-rational. Then
Ž .  4i A is F-rational for all prime 
 Spec A   .
Ž . d1ii J* J	 I .
Ž . Ž l q l q. Ž l l . l1iii f , . . . , f * f , . . . , f 	 f J* for all l 1.1 d 1 d
Ž . Ž .iv I  A .p ar
Ž . Ž . Ž . Ž . d1Ž Ž ..d dv 0  Im 	 . That is, 0 H X, O 1 .H Ž A. 1 H Ž A. X 
Ž .   Ž .Proof. i For any prime  , since A t  R I is F-rational, so 
Ž . Ž . Ž .is A . To see ii and iii , we put s dl 1 in 2.2.1 . Then
dl1 l l d l1 l l d l1 l lI 	 f , . . . , f * I , f A , . . . , f A * I 	 f , . . . , f , 4Ž . Ž .Ž .1 d 1 d 1 d
Ž . dl1where the first inclusion follows from 1.13.1 . In particular, I 	
Ž l l .f , . . . , f is tightly closed. On the other hand, since R is1 d
CohenMacaulay, I d  JI d1; hence I dl1  J dldI d1. Then since I dl1
Ž l l . dld d1 Ž l l . l1 d1 Ž l l .	 f , . . . , f  J I 	 f , . . . , f  f I 	 f , . . . , f , we get1 d 1 d 1 d
f l , . . . , f l * f l1I d1 	 f l , . . . , f l * f l1I d1 	 f l , . . . , f l .Ž . Ž . Ž .Ž .1 d 1 d 1 d
2.11.1Ž .
Ž l l . l1Therefore, for any x
 f , . . . , f *, we can write x y	 f z for some1 d
Ž l l . d1y
 f , . . . , f and z
 I . Then z
 J* since J is generated by a1 d
Ž l l . l1regular sequence. Thus x
 f , . . . , f 	 f J*. Hence we get the asser-1 d
Ž . Ž . Ž .tion iii . Moreover, putting l 1 in 2.11.1 , we also obtain ii .
Ž . Ž .  l dTo see v , for any 
 0 , we write  af . Since A isH Ž A.eŽ .  q l q  d Ž .CohenMacaulay and cF   ca f  0 in H A , we obtain that
q Ž l q l q. e Ž l l .ca 
 f , . . . , f for all sufficiently large q p ; thus a
 f , . . . , f *.1 d 1 d
Ž . l1 Ž l l . d1By 2.11.1 , we have a f b
 f , . . . , f for some b
 I . Namely,1 d
 l    Ž . d Ž .we have af  bf 
 Im 	 in H A , as required.1 
Ž .To see iv , it suffices to show that
d1J	 I
d dH R  H G  . 2.11.2Ž . Ž . Ž .R  1	 1 ž /J
 d Ž .  d Ž .Indeed, if this is valid, then I. H R  I. H G  0, and soR 1  1	
Ž . Ž . Ž . Ž .d dI. 0  I.Im 	  0; hence I ann 0   A .H Ž A. 1 A H Ž A. p ar 
Ž .In order to see 2.11.2 , we consider the following two short exact
sequences:
0R R A 0, 0R 1 RG 0.Ž .	 	
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0 Ž . i Ž .As ARR , we have H A  A and H A  0 for all i 1.	 R R	 	i Ž . i Ž .Thus the first sequence implies that H R H R . On the otherR 	 R	 	
hand, since G is CohenMacaulay and G R G , the second se-' 	
quence gives rise to
0H d1 G H d R 1 H d RŽ . Ž . Ž . Ž . R 	 R	 	
H d G H d	1 R 1  0.Ž . Ž . Ž . R	
 d Ž .  dThus it is enough to see H R  0. For any element 
 R , weR 0 f t 0	
can write  af m for some integer l 1 and a
 I dl. On the other
dl Ž l l . dld Ž n    .d 1 dhand, since I  f , . . . , f I , 
 Im  R  R ;1 d g t 0 f t 0i1 i d Ž .thus H R  0. Hence we have completed the proof of PropositionR 0	
2.11, and so the proof of Theorem 2.2 also.
In the rest of this section, we present corollaries of Theorem 2.2. First
we examine the asymptotic behavior of F-rationality of Rees algebras. The
Ž .next corollary indicates that in 2.2.1 the case of s dl 1 is more
important than the others.
COROLLARY 2.12. Under the same notation as in 2.1, we further assume
Ž .that R I is CohenMacaulay and assume that the following equations hold
for l 1:
dl1 l l d l1 l lI , f A , . . . , f A * I 	 f , . . . , f . 2.12.1Ž . 4 Ž .1 d 1 d
Ž n.Then R I is F-rational for some integer n 1.
 i Ž Ž ..Žn. i Ž Ž n.. Ž n.Proof. Since H R I  H R I , R I is also Cohen  
Ž Ž ..Macaulay. Moreover, if we take n  b R I , then the socle of
d	1Ž Ž n.. Ž Ž n..H R I sits in degree 1 only. Hence we may assume that b R I 
nŽ . 1. Then the F-rationality of R I follows from Proposition 2.10.
Ž .The following corollary gives a partial positive answer to Question 1 a .
Ž Ž ..The assumption that a G I 1 is not superfluous. Namely, the F-
Ž .rationality of R I does not necessarily imply that A is F-rational; see also
Section 3.
COROLLARY 2.13. Let A be an excellent CohenMacaulay local ring with
Ž .d dim A 2, and let I be an -primary ideal of A. If R I is F-rational
Ž Ž ..and a G I 1, then A is F-rational.
Proof. Take any minimal reduction J of I. Since the associated graded
Ž . Ž . Ž Ž ..ring G I is CohenMacaulay, we get r I  d a G I 1. ThusJ
Ž . d1 d2the assumption implies that r I  d 2. In particular, I  JI  J.J
Thus Theorem 2.2 implies that J* J	 I d1  J; and hence A is F-
rational as required.
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Ž .Remark. If R I is weakly F-regular, then A is weakly F-regular; see
Ž .Facts 1.7 vii .
In the last part of this section, we present an important example of
F-rational Rees algebras. This example has been implicitly proved by the
   second-named author in Wa ; see also Singh Si, Proposition 6.1 .
EXAMPLE 2.14. Let A A be a Noetherian graded ring withnn 0
A  k, a field of characteristic p 0. Put R A  A  t n, where0 nn 0
Ž .A  Ý A and t is an indeterminate with deg t  1. Also, we putn i n i
R	 R . In particular, if A  A is generated by homoge-	 	 nn1
neous elements of degree 1, then R A is the usual Rees algebra of A
with respect to A .	
Ž .Then R is F-rational resp. F-regular if A is also. Note that the
 converse is not true. See Wa for more details.
3. F-RATIONALITY OF REES ALGEBRAS OVER
TWO-DIMENSIONAL LOCAL RINGS
In this section we study the F-rationality of Rees algebras over two-
dimensional local rings in detail. First we prove the following result as an
application of the criterion presented in Section 2. We were informed by
Huneke and Smith that they also have proved this theorem.
Ž .THEOREM 3.1. Let A, be a two-dimensional excellent F-rational
local ring of prime characteristic p 0. Let I be an integrally closed -primary
Ž .ideal of A. Then R I is F-rational.
Before proving the above theorem, we shall give the following lemma,
Žwhich simplifies our criterion especially in the case of dimension two see
.also Corollary 3.3 .
Ž .LEMMA 3.2. Let A, be a d-dimensional CohenMacaulay local ring
Ž . Ž .and I an -primary ideal of A. Put R R I , GG I RI R, and
 R	R .	
Ž .1 The following conditions are equialent.
Ž . Ž d Ž ..  d Ž .a G is CohenMacaulay with Soc H G  H G   2
 d Ž .H G . 1
Ž . Ž d	1Ž ..  d	1Ž .b R is CohenMacaulay with Soc H R  H R .  1
Ž . Ž 22 If d 2 and I is stable i.e., I  JI for some minimal reduction J
.of I , then the aboe conditions are satisfied.
F-RATIONALITY OF REES ALGEBRAS 173
Ž . Ž . Ž .Proof. 1 We show the implication a  b only, because the proof of
Ž .the converse is similar. Suppose that a holds. Then R is CohenMacaulay
Ž .as a G  0. Thus we have the following exact sequence for all n
 :
	nd1 d1 d0H X , O n  H X  E, O n H X , O n  0.Ž . Ž . Ž .Ž . Ž . Ž .X X E X
d Ž . d1Ž Ž .. nŽ d Ž ..If we identify H A with H X  E, O n and put F H A  X 
Ž .  nŽ d Ž ..4 d Ž .Im 	 , then F H A forms a filtration of H A such thatn  n
 
d n d n	1 dH G  F H A F H AŽ . Ž . Ž .Ž . Ž .  n
 for all n
 ; see TW, Proposition 1.13 and Proposition 1.17 for details.
dŽ Ž ..  d	1Ž .Also, since H X, O n  H R for all n1, we haveE X  n
H d	1 R  H d A F n H d AŽ . Ž . Ž .Ž .  
n1
Ž .see Lemma 2.7 .
Ž . Ž . Ž d	1Ž ..To show a  b , it is enough to show that Soc H R 
 d	1Ž . Ž .H R because a R 1. We show the following claim. 1
 Ž d	1Ž ..Claim. Soc H R  0 for all n2. n
 Ž d	1Ž ..Now suppose 
 Soc H R for some n2. Then  can be n
nŽ d Ž .. d Ž .written as  a mod F H A for some a
H A . By definition, 
 d	1Ž .  d	1Ž .M 0; that is,  0 in H R and It 0 in H R . n  n	1
nŽ d Ž .. n	1Ž d Ž ..Namely, we have a F H A and Ia F H A since n2. 
nŽ d Ž .. d Ž .Suppose that  0. Since  F H A H A , there exists ann
  
kŽ d Ž .. k	1Ž d Ž ..integer k with k n 1 such that a
 F H A  F H A . If 
k	1Ž d Ž ..  d Ž .we put a*  a mod F H A 
 H G , then 0  a* 
  k
 Ž d Ž .. Ž .Soc H G . By the assumption a , we get k2. Then n k	 1 k
1, which is a contradiction. Hence we have proved the claim.
Ž . Ž . 2To see 2 , if we take a minimal reduction J x, y of I, then I  JI.
Ž .Since G is CohenMacaulay and G x*, y*  AI IJ, we have
Soc H d G  Soc AI IJ 2 .Ž . Ž . Ž .Ž .
d d dŽ Ž ..  Ž .  Ž .In particular, Soc H G  H G  H G , as required.  2  1
COROLLARY 3.3. Let A be a two-dimensional pseudo-rational local ring.
Ž .Also, let I be an integrally closed ideal in A and J x, y be its minimal
reduction. Then
Ž . Ž 3 Ž Ž ...  3 Ž Ž ..1 Soc H R I  H R I .  1
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Ž . Ž .2 R I is F-rational if and only if , for all l 2,
2 l1 l l 2 l1 l lI , x A , y A * I 	 x , y 3.3.1 4 Ž .Ž .
0 q Ž2 l1.q Ž l q l q.holds; that is, if there exists c
 A such that cx 
 I 	 x , y for
e 2 l1 Ž l l.all sufficiently large q p , then x
 I 	 x , y .
Proof. Since I is an integrally closed ideal in a two-dimensional
pseudo-rational local ring, we have I 2  JI. Thus the first assertion follows
Ž .from Lemma 3.2. Moreover, as R I is CohenMacaulay, the second
assertion follows from Proposition 2.10.
Ž .Proof of Theorem 3.1. Take any minimal reduction J x, y of I.
Ž .Then it suffices to show that 3.3.1 holds for every l 2.
 2 l1 l l 4 0 qFor any 
 I , x A, y A *, there exists c
 A such that c 

Ž2 l1.q Ž l q l q. e Ž2 l1.q1I 	 x , y for all sufficiently large q p . Since J 
Ž l q l q Ž .Ž l1.q.x , y , xy , we have
Ž .l1 qq Ž2 l1.q1 l q l q l q l qc 
 J I	 x , y  x , y , xy .Ž .Ž . Ž .
Ž l l Ž . l1.Since A is F-rational, x , y , xy is tightly closed because it is gener-
 4ated by monomials in a system of parameters x, y . Hence 

Ž l l Ž . l1. Ž . l1x , y , xy . Thus we may assume that   xy for some 
 A.
Then by Lemma 2.8 we get
Ž .l1 qq Ž2 l1.q l q l q q q q qc 
 I 	 x , y : xy  I 	 x , y  I .Ž . Ž .Ž .
l1 2 l1Ž .This implies that 
 I I; and thus 
 xy I I as required.
Ž .Next we show that the local ring A, of any two-dimensional rational
singularity of characteristic p admits an integrally closed -primary ideal
Ž .I whose Rees algebra R I is F-rational. To prove this we need the
 following lemma, which is proved similarly as in FW .
Ž  . Ž .LEMMA 3.4 cf. FW . Let A, be a d-dimensional excellent normal
local ring of characteristic p 0 and let I A be an -primary ideal. Let
Ž .R R I be the Rees algebra of A with respect to I and let  R	R	
be its graded maximal ideal. Assume that the positie graded part of R of R	'is contained in the radical  R of the test ideal of R. Then R isŽ .
F-rational if and only if R is CohenMacaulay and the Frobenius map acts
d	1Ž .injectiely on H R .
Proof. We only have to show the sufficiency. Since R is
CohenMacaulay, it is sufficient to prove that the graded R-module
Ž . d	 10 is equal to zero. Suppose, on the contrary, that there is aH Ž R .
Ž . p e eŽ .d	 1nonzero homogeneous element 
 0 . Then   F   0 inH Ž R .
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d	1Ž .H R for every e
 by the injectivity of the Frobenius map. Hence,
for each e
 one can choose c 
 S such that c  p e is a nonzeroe e
d	1Ž .element of the socle of H R . Note that the socle is a finitely
generated R-module, so that the degree of its nonzero element is bounded
Ž p e.below. On the other hand, since the degree of  is negative, deg  
 as e	. This implies that deg c 	, since the degree of thee
d	1Ž .socle of H R is bounded below. Hence our assumption that R 	'  R tells us that c is a test element of R for sufficiently large e.Ž . e
e p Ž . d	 1Since c   0, it follows that  0 , a contradiction.e H Ž R .
Now we prove
Ž .THEOREM 3.5. Let A, be a two-dimensional rational singularity of
characteristic p 0. Let I be an integrally closed -primary ideal of A such
Ž .that the blowing-up f : X Proj R I  Spec A is a resolution of singularity.
Ž m.Then the Rees algebra R I is F-rational for all sufficiently large m
.
Ž m.  m Proof. Fix a positive integer m and let S R I  A I t . We know
Ž .that S is CohenMacaulay and normal since A, is a two-dimensional
m Ž .rational singularity and I is integrally closed Li1 . Moreover, since
 X Proj S is nonsingular, the degree 0 part B S of S is regularct 0 ct
m  Ž .1 for all c 0
 I , so that S  B ct, ct , which is isomorphic to thect
Laurent polynomial ring over B, is also regular. Hence some power of ct
Ž m. Ž .0 c
 I is a test element of S HH2 . This implies that S is	
Ž .contained in the radical of the test ideal  S of S. Hence, by Lemma 3.4,
one sees that S is F-rational if the Frobenius map acts injectively on
3 Ž .H S .
Ž . Ž .Ž . Ž . Ž .Now, if we put O n  R I n for n
, then S n  O mnX X
Ž .since S is the mth Veronese subring of R I . Hence
H 3 S  H 2 X , O mn t n ,Ž . Ž .Ž .  E X
n0
where S	 S and E is the exceptional set of f : X Spec A.	
Hence S is F-rational if the induced Frobenius map
F : H 2 O mn H 2 O pmnŽ . Ž .Ž . Ž .E X E X
in injective for all n 0. This injectivity follows from the vanishing of
H 1 1 pmn or H 1 1 log E pmnŽ . Ž . Ž .Ž . Ž .E X E X
  Ž 0by Ha1, Proposition 3.5 . Note that H of locally free sheaves automati-E
. Ž .cally vanish. Since O p is an f-ample invertible sheaf, the above localX
Ž .cohomologies vanish for all m 0 and n 0 by the dual form of the
mŽ .Serre vanishing theorem. Thus S R I is F-rational for all m 0.
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Ž .In view of Theorem 3.1, Theorem 3.5 is of interest mainly when A,
is a non-F-rational ring with rational singularities. However, we can utilize
Theorem 3.5 for showing the ubiquity of counterexamples to Boutot-type
theorem for F-rational rings.
3.6. Counterexample to Buotot-Type Theorem for F-Rational Rings. Re-
 call that Boutot’s theorem B says that if a ring R of characteristic zero
has only rational singularities and if a ring A is a direct summand of R,
then A also has at most rational singularities. Of course this is true if we
consider the ‘‘F-rational type’’ in place of ‘‘rational singularity.’’ However,
the second-named author showed that this is no longer true for F-rational-
Ž .ity in fixed characteristic p 0 Wa . The above theorem gives another
way to construct counterexamples to the ‘‘Boutot-type theorem’’ for F-
rational rings, since in any characteristics p 0 one has non-F-rational
Ž . Ž .rings with rational surface singularities HW . Let A, be any two-di-
mensional non-F-rational local ring of characteristic p 0 with a rational
singularity. Since dim A 2, there exists an integrally closed -primary
Ž .ideal I of A such that X Proj R I is smooth. Then Theorem 3.5
Ž m.guarantees that the Rees algebra R I is F-rational for m 0, while A,
Ž m.which is a direct summand of R I , is not F-rational.
Ž .    If R I  A It is F-rational, then so is A Ia for every nonzero
Ž Ž ..element a
 I. It follows that Proj R I is F-rational. Thus Theorem 3.5
suggests the following question.
Ž .Question 3.7. Let A, be a rational singularity of characteristic
p 0 and let I be an integrally closed -primary ideal such that X
Ž . Ž m.Proj R I is F-rational. Then, is R I F-rational for sufficiently large m?
The following example shows that this is false without assuming that
Ž .X Proj R I is F-rational.
  Ž 2 3 5. rEXAMPLE 3.8. Let A k x, y, z  x 	 y 	 z and I for any
Ž .positive integer r. Then A, is a non-F-rational rational singularity if
Ž . Ž . Ž .p char k  5. In this case, X Proj R I has a singularity of type E7
Ž   Ž 2 Ž 2 3...i.e., k x, y, z  x 	 z z 	 y , which is F-rational if and only if
Ž .p 5. Also, R I is F-rational if and only if p 5.
˜Let f : X Spec A be the minimal resolution and let Z be the0
˜ 1Ž .fundamental cycle on E f  . Then the proof of Theorem 3.5 tells us
1 1 ˜Ž Ž .Ž ..that H  log E pnZ  0 for all n
. Then it follows that˜ ˜E X 0
1 1 ˜H  log E  0,Ž .˜ ˜Ž .E X
 and Wahl’s vanishing theorem W1, Theorem D breaks down; see also
 Ha2 .
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Ž r .Note that if p 7, then A is F-rational and so is R  for every
integer r 1 by Theorem 3.1.
The complete list of two-dimensional complete rational double points
Ž .  i.e., Gorenstein rational surface singularity is available from Ar2 . In
particular, using this list, we can determine the rings of Gorenstein
Ž .rational singularity whose Rees algebra R  is F-rational. In particular,
we illustrate some typical cases as follows:
Ž .EXAMPLE 3.9. Let A, be a two-dimensional complete rational
double point of characteristic 2. Also, assume that A is not F-rational.
Then there exists a minimal system of generators x, y, and z of  such
that
 2  x , y  and z 2  ax2 	 by2 	  xyz.Ž .
for some a, b, 
 A. Under the above notation:
Ž . 2 2 Ž r .1 if a
 or if b
 , then R  is not F-rational for every
r 1;
Ž . Ž . Ž . Ž r .2 if a, b,   y, x, 0 , then R  is F-rational for every r 1.
 Remark. Under the notation as above, in the list of Artin Ar2 we can
Ž .check that R  is F-rational if and only if
a, b  y , x , y , z , x , z .Ž . Ž . Ž . Ž .
Ž i . Ž i . Ž i .These cases correspond to the following six cases: D , D , E for4 5 6
i 1, 2.
Ž . 2Proof of Example 3.9. 1 We may assume that b
 . Then we show
Ž .q 3q Ž 2 q. ethat c xz 
 	 x holds for all q 2 and for any c
 by
Ž .q2 3q2 Ž q.induction on e 1. Indeed, if c xz 
 	 x , then we get
q q2q2 2 q q2 q q q2 q q2 3q 2 qc xz  ca x 	 cb x y 	  x y c xz 
 	 x .Ž . Ž . Ž . 4
Ž 2 r1 r1 .q 3 r q Ž 2 r q.Furthermore, this shows that c x y z 
 	 x for all q
e 2 r1 r1  3 r 2 r 2 r 42 . That is, x y z
  , x A, y A *. Hence, by Theorem 2.2,
Ž r . 2 r1 r1 3 r Ž 2 r 2 r .R  is not F-rational because x y z 	 x , y .
Ž .2 We first show the following claim.
 3 2 2 4 3 Ž 2 2 .Claim 1.  , x A, y A * 	 x , y  I.
Suppose not. Then there exists  
 I :   I such that  

 3 2 2 4 Ž . , x A, y A *. Since I :  I	 xy, xz, yz , we can write  a xy	1
a xz	 a yz for some a , a , a 
 A. We must show that a 
 for all2 3 1 2 3 i
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i 1, 2, 3. By assumption, there exists a nonzero element c
 A0 such that
q 3q Ž 2 q 2 q. ec 
 	 x , y for all q 2 . Namely, we have
q qq q q q q q q q q 3q 2 q 2 q2 2ca x y 	 ca x y b 	 ca x y a 
 	 x , y .Ž .1 2 3
By Lemma 2.8, we get
q22 2 2 3q2 q 2 qq 2 qq qc a 	 a y	 a x 
 	 x , y  .Ž .Ž .1 2 3
2 2 2 2 2Hence a 	 a y	 a x
  and thus a 
. We may assume1 2 3 1
2 2 2  4that a  0. Then a y	 a x
 . Since x, y generates a minimal1 2 3
reduction of  , this yields that a , a 
 , as required. Next, we show the1 2
following claim.
 2 l1 Ž l l. Ž l l. Ž . l2 2Ž 2 l2Claim 2.  	 x , y :  x , y 	 xy    	
Ž l l..x , y .
2 l1 l l l lŽ . Ž .Put L 	 x , y , A A x , y , and  A. To prove
2 l1 2 l2 2 l1Ž .Claim 2, it suffices to show that Soc A   . Actually,
l l 2Ž .   Ž . Ž .as G   k x, y, z  x , y , z , the socle of G  is concentrated at
2 l1Ž .degree 2 l 1. Let w
 A such that 0 w
 Soc A , where w
k k	1denotes the homomorphic image of w. Also, suppose that w
 
kŽ .Ž .for some integer k 2 l 3. Then for any a
 we have at wt 
k	1 2 l1 k	2 kŽ . Ž .aw t  0 in G  since aw 
 m   . Thus wt 

 Ž Ž ..Soc G   0 as k 2 l 1. This is a contradiction. Hence w
k
2 l2 , which shows the claim.
Ž r .Claim 3. R  is F-rational for all r 1.
Ž .We may assume that r 1. To see that R  is F-rational, it is enough
 2 l1 Ž l l.4 2 l1 Ž l l. Žto show that  	 x , y * 	 x , y for all l 2 see
.Corollary 3.3 . Suppose, on the contrary, that there exists an element
 2 l1 Ž l l.4
 L :   L such that 
  	 x , y *. By Claim 2, we may
Ž . l2assume that  xy  for some 
 A. By the definition and Lemma
2.8,
Ž .l2 qq Ž2 l1.q l q l q 3q 2 q 2 qc 
  	 x , y : xy  	 x , yŽ .Ž . Ž .
for all q 2 e .
 3 2 2 4By Claim 1, we have 
  , x A, y A * I. However, this shows that
Ž . l2
 xy I L. This is a contradiction. Therefore we get the required
assertion.
Ž .Remark. In the above example, R  is not F-rational since A is not.
Ž .   Ž .Also, in case of 1 , A xy is not F-rational and neither is Proj R I . See
also Question 3.7.
F-RATIONALITY OF REES ALGEBRAS 179
In the last part of this section, we generalize Theorem 3.1 to multi-Rees
Ž .  algebras R I , . . . , I  A I t , . . . , I t over a two-dimensional local ring1 r 1 1 r r
A using different methods. Namely, we prove the following theorem.
THEOREM 3.10. Let A be a two-dimensional excellent F-rational local
ring, and let t , . . . , t be indeterminates oer A. Also, let I , . . . , I be1 r 1 r
-primary integrally closed ideals in A. Then the multi-Rees algebra
Ž .  R I , . . . , I  A I t , . . . , I t is an F-rational domain with minimal multi-1 r 1 1 r r
plicity.
To prove the above theorem, we recall the notion of joint reduction: Let
Ž .I, J be -primary ideals of A. A set of elements a, b with a
 I and
Ž .b
 J is called a joint reduction of the set of ideals I, J if aJ	 bI is a
reduction of IJ.
The next lemma plays a central role in the proof of Theorem 3.10.
Ž . Ž .LEMMA 3.11 Li1,Re2 . Let A, be a two-dimensional pseudo-
rational local ring, and let I , I , . . . , I be -primary integrally closed ideals1 2 r
in A. Then
Ž .1 I I is also integrally closed for all i, j.i j
Ž . Ž .2 There exists a minimal reduction a , b of I for all i 0, 1, . . . , ri i i
Ž . Ž .such that a , b is a joint reduction of I , I for all 0 i j r.i j i j
Ž . 	 	 Ž 	 	. Ž .3 I I  a I 	 b I for any joint reduction a , b of I , I fori j i j j i i j i j
all i, j.
The next lemma will be needed in the proof of Theorem 3.10.
Ž .LEMMA 3.12. Let A, be as in the preious lemma. Let I be an
Ž . Ž Ž ..-primary integrally closed ideal in A. Let x, y resp. a, b be a minimal
Ž . Ž .q q qreduction of  resp. I such that I xI	 b. Then I  x I 	
bq q for all q pe.
Proof. From I xI	 b , we get
q
q i j qi qjI  x b  I .Ž . Ý
i , j0
So it suffices to show that x ib j q iI q j x qI q 	 bq q for all integers i,
j with 0 i, j q by descending induction on N i	 j. But this is
straightforward.
Proof of Theorem 3.10. Since A is a two-dimensional excellent F-ra-
tional local domain, it is pseudo-rational and hence it has minimal multi-
plicity.
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Ž .Take a minimal reduction a , b of I for i 0, 1, . . . , r which satisfiesi i i
Ž .  the condition 2 of Lemma 3.11. Put R A I t , . . . , I t , M1 1 r r
Ž . , I t , . . . , I t R, and1 1 r r
Q x , y a t , b t  a t , . . . , b t  a t , b t R .Ž .1 1 1 1 2 2 r1 r1 r r r r
Then one can prove that M 2 QM in a similar way as in the proof of
  ŽVer, Theorem 3.1 Note that one can prove that I I t t QM byi j i j
Ž . . rinduction on N i, j  r j	 i . In particular, R is an  -graded
CohenMacaulay integral domain with minimal multiplicity. To prove the
 theorem, it suffices to show that Q*Q; see FW .
Take a nonzero element c
 I   I and fix it. Then since R 1 r c
 A t , . . . , t is a regular domain, c has a power which is a test element forc 1 r
both A and R. So we may assume that c is a test element for both A and
R without loss of generality.
To see that 
Q for a given element 
Q*, we may assume that
  	Ýr  t for some  
 and  
 I because M 2 Q. Since0 i1 i i 0 i i
c is a test element, for all q pe, we can write
c q  fx q 	 g Ž1. y q  aqt qŽ .1 1
r
Ž i. q q q q q q	 g b t  a t 	 hb t , 3.10.1Ž .Ž .Ý i1 i1 i i r r
i2
Ž i. Ž . Ž r	1.where f , g i 1, . . . , r and h g are elements of R, which
e Ž .depend on q p . By observing 3.10.1 carefully, we prove 
Q. First
we prove the following claim.
Claim 1. We may assume that   0.0
Ž .Compare the constant terms in 3.10.1 ,
c q  f x q 	 g Ž1. y q 
 x q , y q for all q pe .Ž .0 0 0
Ž . Ž .This shows  
 x, y * x, y . Since x, y a t 
Q, we may assume0 1 1
that   0.0
In order to complete the proof, it is enough to prove the following claim.
Claim 2. Ýr I t Q*Ýr I t 	Q for s 1, . . . , r.is i i is	1 i i
Now suppose Ýr  t 
Q* where  
 I for i s, . . . , r. Com-is i i i i
q Ž .paring the constant term and the coefficient of t i 1, . . . , s 1 ini
Ž .3.10.1 , respectively, we get
0 f x q 	 g Ž1. y q ,0 0
0 f x q 	 g Ž1. y q  g Ž i.aq 	 g Ž i	1.bq ,q q 0 i 0 ii i
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and
c q  f x q 	 g Ž1. y q  g Ž s.aq 	 g Ž s	1.bq ,s q q 0 s 0 ss s
where f , g Ž1. 
 I q and f , g Ž i.
 A.q q i 0 0i i
By induction on i, we prove that g Ž i.
 q for all i 1, . . . , s. Actually,0
Ž1. Ž q. q q qwe have that g 
 x  because x , y forms an A-sequence.0
Suppose that g Ž i.
 q for some i s 1. Then by Lemma 3.12,0
qŽ i	1. q q q q q q q q q q q qg b 
 x I 	 y I 	 a   x I 	 I   x 	 b  .Ž . Ž .0 i i i i i i i
This implies that g Ž i	1.
 q because x q, bq forms an A-sequence.0 i
Hence g Ž i.
 q for all i. Then0
c q 
 x qI q 	 I q q 	 aq q 	 bq  x qI q 	 bq 3.10.2Ž .Ž . Ž .s s s s s s s
e Ž . Ž .for all q p by Lemma 3.12 again. Hence  
 x, b * x, b . Nows s s
we must show that 
Ýr I t 	Q.is	1 i i
If s r 1, then since b t  a t 
Q, we may assume that  s s s	1 s	1 s
Ž . q qdx for some d
 A. Substituting dx for  in 3.10.2 , we have cd x 
s
q q q q q eŽ .x I 	 b . This shows that cd 
 I for all q p ; thus d
 I  I .s s s s s
Since  I t M 2 Q, we have 
Ýr I t 	Q as required.s s is	1 i i
If s r, then since b t 
Q, we may assume that  dxt for somer r r
d
 A. Using the same argument as above, we have d
 I . Then sincer
 I t Q, we obtain that 
Q as required. So we have completed ther r
proof of Theorem 3.10.
4. F-RATIONALITY OF EXTENDED REES ALGEBRAS
Let A be an excellent local ring, and let I be an -primary ideal of A.
Ž .  1  	1If the extended Rees algebra R I  A It, t is F-rational, then R t
 1 A t, t is also F-rational, and so is A. Thus in the study of F-rationality
of extended Rees algebras, we may assume that A is F-rational.
Ž .  Ž . The Rees algebra R I is isomorphic to the graded subring R I U 0
Ž .  Ž .of R I U where deg U 1. Thus if the Boutot-type theorem holds
Ž .for F-rational rings, the F-rationality of R I would be inherited from that
Ž .of R I . But, in general, the Boutot-type theorem does not hold for
 F-rational rings; see the previous section or Wa . On the other hand, if
Ž . Ž . Ž .R I is F-regular e.g. Gorenstein F-rational , then R I is also F-regular
Ž .and thus F-rational .
Motivated by the above observation, we want to propose the following
conjecture.
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Conjecture 4.1. Let A be an excellent F-rational local ring and I an
Ž . Ž .-primary ideal of A. Then R I is F-rational if and only if so is R I .
As stated in the Introduction, this is true in characteristic zero. The
main result in this section is the following theorem, which implies that the
Ž .‘‘only if part’’ of the above conjecture in positive characteristic is true.
However, we do not know whether the ‘‘if’’ part is true or not! The ‘‘if’’
part is important. For example, if it were true, we could prove the
Ž . Ž . Ž .following fact: if G  is F-rational then so is R  . Indeed, if G  
Ž . 1 Ž . Ž . Ž .R  t R  is F-rational, then so is R  by Facts 1.7 viii . The ‘‘if’’
Ž .part implies that R  is also F-rational. See also Example 2.14.
THEOREM 4.2. Let A be an excellent F-rational local ring of characteristic
Ž .p 0, and let I be an -primary ideal in A. If R I is F-rational, then so is
Ž .R I .
Remark. In the above conjecture, we cannot omit the assumption that
Ž .. Ž Ž ..A is F-rational see Theorem 3.5 and Example 3.9 . But if a G I 1,
Ž .then the F-rationality of R I implies that A is F-rational; see Corollary
2.13.
In order to prove Theorem 4.2, we need the following lemma.
LEMMA 4.3. Let A be an excellent local ring, and let I be an -primary
integrally closed ideal in A. Further, suppose that the following two conditions
hold.
Ž . Ž .i G I is CohenMacaulay.
Ž . Ž .ii There exists a minimal reduction J f , . . . , f of I such that1 d
s sI , f A , . . . , f A * I 	 J for all s 2, . . . , r I 	 1. 4 Ž .1 d
Ž .Then R I is F-rational.
Ž .  1  Ž 1 .Proof. Put R R I  A It, t and M  , It, t R. Take a
Ž .minimal reduction J of I satisfying ii . Since R is CohenMacaulay and
Ž 1 .Jt, t is a homogeneous parameter ideal of R, it is enough to show
Ž 1 .that Jt, t is tightly closed to see the F-rationality of R.
Now take any nonzero element c
 I such that A is regular and fix it.c
	  1  nThen since R  A t, t is a regular domain, c has a power c which isc c
a test element for both A and R. Replacing c with cn, we may assume
that c is a parameter test element for both A and R. Fix such an element
c
 I.
Ž 1 . Ž 1 .Now suppose that x
 Jt, t *. Since Jt, t is a homogeneous ideal
which contains all of the negative part of R, we may assume that
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x x t k for some integer k 0 and x 
 I k. Then, for all q pe, wek k
q q k q Ž q  q q.have cx  cx t 
 J t , t R. Thus we getk
q k q q  q q q  Žk1.q Žk	1.qcx 
 t J t , t R  J I 	 IŽ .k 0
for all q pe . 4.3.1Ž .
Ž 1 . Under the above notation, we must show that x 
 Jt, t R k k
k1 k	1 Ž .JI 	 I for all k 0. In the case of k 0, by 4.3.1 , we have
q q  q q ecx 
 J 	 I  I for all q p . This means that x 
 I I.0 0
Ž . k	1 Ž . Ž .When 1 k r I , we have that x 
 J	 I by 4.3.1 and ii . Onk
k k1 Ž . Ž .the other hand, J I  JI as G I is CohenMacaulay VV . Hence
x 
 I k  J	 I k	1  J I k 	 I k	1  JI k1 	 I k	1.Ž .k
Ž . k k1 k	1When k r I 	 1, we have x 
 I  JI 	 I , as required. Sum-k
Ž 1 .ming up, we conclude that x
 Jt, t and have completed the proof of
the lemma.
In this situation, Theorem 4.2 easily follows from the above lemma and
Ž .Theorem 2.2. Actually, if R I is F-rational, then it is a CohenMacaulay
Ž .normal domain; thus G I is CohenMacaulay and I is integrally closed.
Ž .Moreover, according to Corollary 2.3, Lemma 4.3 ii is also satisfied.
Ž .Hence R I is F-rational by Lemma 4.3.
Ž .We have already proved that the Rees algebra R I is F-rational for any
-primary integrally closed ideal I of a two-dimensional F-rational local
Ž .domain see Theorem 3.1 . Hence by virtue of Theorem 4.2, we get the
following.
COROLLARY 4.4. Let A be a two-dimensional excellent local domain of
Ž .characteristic p 0, and let I be an -primary ideal in A. Then R I is
F-rational if and only if A is F-rational and I is integrally closed.
Applying Theorem 4.2 for stable ideals gives a simple criterion for
Ž .F-rationality of R I in that case, which is needed in the argument in the
next section.
COROLLARY 4.5. Let A be an excellent local ring, and let I be an
Ž .-primary integrally closed ideal in A. Also, let J f , . . . , f be a minimal1 d
Ž 2 .reduction of I. Suppose that I is stable i.e., I  JI . Then the following
conditions are equialent.
Ž . Ž .1 R I is F-rational.
Ž .  2 4 02 I , f A, . . . , f A * J, that is, if there exists an element c
 A1 d
such that cx q 
 I 2 q 	 J q  for all q pe then x
 J.
Ž . 03 For any generator z of the socle of AJ and for any c
 A , there
exists some power q pe such that cz q I 2 q 	 J q .
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Ž . Ž . Ž . Ž . Ž .Proof. 2  3 is straightforward. To see 2  1 , we note that G I
is CohenMacaulay as I 2  JI. Then the assertion easily follows from
Lemma 4.3.
Ž . Ž .To see 1  3 , suppose that there exists a generator z
 A of the
socle of AJ and c
 A0 such that cz q 
 J q  	 I 2 q for all q pe. Then
q q ez
 I I since cz 
 I for all q p . By the same argument as in the
Ž 1 . Ž 1 . 2proof of Lemma 4.3, zt
 Jt, t * Jt, t . Hence z
 J	 I  J, a
contradiction.
Ž . Ž .Remark. 1 In general, we do not know if the F-rationality of R I
Ž .yields Condition ii in Lemma 4.3 or not. Note that the above corollary
says that this is true if I is stable.
Ž . Ž .2 In dimension two, the above condition 2 means that J* J,
that is, A is F-rational. But in the case of dim A 3, this condition is
stronger than the F-rationality of A; see Theorem 5.1.
5. REES ALGEBRAS OVER AN F-RATIONAL
DOUBLE POINT
In this section, as an application of the main theorem, we present some
examples of Gorenstein F-rational hypersurfaces having non-F-rational
CohenMacaulay normal Rees algebras. Namely, we prove the following.
Ž  .THEOREM 5.1 See also Singh Si . Let k be an algebraically closed field
  Ž a0 a1 ad .of characteristic p 0 and A k x , x , . . . , x  x 	 x 	 	x ,0 1 d 0 1 d
where a , a , . . . , a are integers with 2 a  a    a . Further, sup-0 1 d 0 1 d
d Ž . Ž .pose that rÝ 1a  1 and p a r r 1 . Then the followingi0 i d
statements hold.
Ž .1 A is a graded F-regular domain with isolated singularity.
Ž . Ž .2 R  is CohenMacaulay.
Ž . Ž .3 R  is normal if and only if a  2, 3.1
Ž . Ž . Ž . Ž . Ž . Ž .4 R  is F-rational if and only if a , a  2, n , 3, 3 , 3, 4 ,1 2
Ž .3, 5 , where n is any integer with n 2.
In order to prove Theorem 5.1, we need several lemmata. First, we want
Ž .to determine the normality of R  . Maybe it is known, but for the sake
of completeness we do it here. Because we must consider the case of prime
characteristic, we shall use Jacobian Criterion which is the following form
Ž  Ž ..see e.g. Ma, Theorem 30.4 .
LEMMA 5.2. Let k be an algebraically closed field of any characteristic.
  Ž .Put B k x , x , . . . , x and f f x , . . . , x 
 B. Let  be a prime ideal0 1 d 0 d
Ž . Ž .in B. If  does not contain  f x , . . . ,  f x , then BfB is regular.0 d 
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ŽŽ .Ž . Ž .Ž .. Ž .In particular, if  f x a , . . . ,  f x a  0, . . . , 0 for all a0 d
Ž . d	1 Ž .4a , a , . . . , a 
 k  0, 0, . . . , 0 , then BfB has an isolated singularity0 1 d
at the origin.
The following corollary immediately follows from the above lemma.
COROLLARY 5.3. Let k be an algebraically closed field of characteristic
p 0. Let d, a , a , . . . , a be integers such that d 2, 2 a  a 0 1 d 0 1
  Ž a0  a and p  a a  a . Put A  k x , x , . . . , x  x 	d 0 1 d 0 1 d 0
a1 ad . Ž .x 	 	x , which can be regarded as a graded ring with deg x 1 d i
a  a  a for each i.0 i d
Then A has an isolated singularity at the origin. In particular, A is a normal
Ž . Ž d Ž ..  graded k-algebra with a A  a a  a 1Ý 1a ; see GW .0 1 d i0 i
Ž  Also, the following lemma is essentially proved by Fedder see Fe1 and
 .FW .
LEMMA 5.4. Under the same notation as in Corollary 5.3, we further
d Ž . Ž .assume that rÝ 1a  1 and p a r r 1 . Then A is F-purei0 i d
Ž .and a A  0. In particular, A is F-rational.
Proof. Since f 
 B is a quasihomogeneous polynomial of type
Ž .   Ž .1a , 1a , . . . , 1a in the sense of Fe1 , if r 1 and p a r r 1 ,0 1 r d
p1 Ž . p   then f  x , x , . . . , x by Fe1, Lemma 2.3 . Thus A is F-pure by0 1 d
Ž .Fedder’s criterion Fe1 .
Ž .Moreover, since A is a graded CohenMacaulay domain with a A  0,
Ž . it is F-unstable FW . Thus it follows that A is F-rational by FW,
Theorem 2.8 and Corollary 5.3.
Ž . Ž .In the following, we prove Theorem 5.1. Note that G  and R  are
Ž .CohenMacaulay because e A  2 under the same assumption as in
Theorem 5.1.
LEMMA 5.5. Under the same notation as in Corollary 5.3, further assume
that a  2. Then the following conditions are equialent.0
Ž . Ž .1 R  is normal.
Ž . Ž .2 R  is normal.
n nŽ .3   for all n 1.
Ž .4 a  3.1
Proof. By Corollary 5.3, we know that A is a normal domain. Then the
Ž . Ž . Ž .  equivalence of 1 , 2 , and 3 follows from HSV, Proposition 2.1.2 . To
2 2 2 4Ž . Ž .see 3  4 , suppose a  4. Then x 
  since x 
 . This1 0 0
Ž .contradicts the assumption 3 .
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Ž . Ž . Ž .Thus it is enough to prove 4  2 . To do that, note that R  can be
represented as
  2 a1 a12 ad ad2R   k x , x , . . . , x , y  x 	 x y 	 	x y .Ž . Ž .0 1 d 0 1 d
  2 a1 a12 ad ad2Put S k x , x , . . . , x , y and g x 	 x y 	 	x y . Fur-0 1 d 0 1 d
ther, we may assume that a    a  2, a    a  3, and1 r r	1 s
a    a  4 for some integer r, s with 0 r s d. Under thed s	1
above notation, we get
 g
a 1 a 2i i a x y for all i 1, . . . , d ;i i xi
s d g
3 a a 3i i x 	 a  2 x y .Ž .Ý Ýi i i y ir	1 is	1
Ž .If we put I  g x , . . . ,  g x ,  g y , one can easily see that the0 d
radical of I is equal to that of
s d
3 a a 3i ix , x , . . . , x , x y , . . . , x y , x 	 a  2 x y .Ž .Ý Ý0 1 r r	1 d i i iž /
ir	1 is	1
Ž .In order to prove that R  is normal, it suffices to show that height
Ž .I 3. Take any prime 
 V I . If  does not contain y, then 
Ž .x , . . . , x ; hence height  d	 1 3. If  y and r 1, then 0 d
Ž 3 3.contains x , . . . , x , y, x 	 	x and so height  r	 2 3. If0 r r	1 s
 y and r 0, then s 1 by assumption. In this case, we have 
Ž 3 3.x , y, x 	 	x and so height  3. Summing up, we obtain that0 1 s
height I 3, as required.
In order to complete the proof of Theorem 5.1, it is enough to prove the
following.
PROPOSITION 5.6. Let k be an algebraically closed field of characteristic
p 0. Let d, a , . . . , a be integers such that d 2, 2 a  a    a ,1 d 1 2 d
  Ž 2 a1 ad .and p 2 a  a . Put A k x , x , . . . , x  x 	 x 	 	x . Then1 d 0 1 d 0 1 d
the following conditions are equialent:
Ž . Ž .1 R  is F-rational.
Ž . Ž r . Ž .1 R  is F-rational for some eery integer r 1.
Ž . Ž .2 R  is F-rational.
Ž . Ž . Ž . Ž . Ž . Ž .3 a , a  2, n , 3, 3 , 3, 4 , 3, 5 , where n is any integer with1 2
n 2.
Ž .   Ž 2 a1 a2 .4 k x, y, z  x 	 y 	 z is F-rational.
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Ž . Ž .In order to prove 4  2 , we use the following lemma.
Ž .LEMMA 5.7. Let A, be an F-rational local ring, and let I be an
-primary ideal of A. Also, let x
 I be a superficial element for I, and
Ž .suppose that G I is CohenMacaulay. Put A AxA and I IxA. If
Ž . Ž .R I is F-rational, then so is R I .
Ž . n n1Proof. As G I is CohenMacaulay, xA I  xI for all n 1.
Ž . Ž . Ž .Using this, one can easily see that R I xtR I  R I . Moreover, since
Ž . Ž .xt is a nonzero-divisor of R I , the F-rationality of R I implies that
Ž . Ž .R I is F-rational; see Facts 1.7 viii .
Ž .Proof of Proposition 5.6. Put  x , x , . . . , x A, the irrelevant max-0 1 d
Ž . Ž .imal ideal of A. 1  2 follows from Lemma 5.4 and Theorem 4.2. The
Ž . Ž . Ž . Ž . Ž .converse 2  1 is also true since R  is Gorenstein. Also, 3  4
Ž .is well-known. Conversely, suppose 4 . Then by applying Lemma 5.7
Ž .repeatedly, we can reduce the proof of F-rationality of R  to Corollary
4.4.
Ž . Ž . Ž .Next, we prove 2  3 . Now suppose that R  is F-rational. In
particular, since it is normal, we have a  3 by Lemma 5.5. According to1
Corollary 4.5, there exists a power c x n such that cx q 2 q 	0 0
Ž q q. e q	1x , . . . , x A for some q p  1. On the other hand, x has an1 d 0
expansion as
i im 1 d2q	1 a Žmi . a Ž i i . a i1 1 2 1 2 d d1x   x x  x ,Ý0 1 2 diž / ž / ž /i i1 2 d10i  i md1 1
q	 1where we put m for simplicity. For each term of the above2
polynomial, we put
  a m i 	 a i  i 	 	a i  i 	 a iŽ . Ž . Ž .i 1 1 2 1 2 d1 d2 d1 d d1
and
  a m i .Ž .i 1 1
By assumption, we obtain that   2 q 1 4m 3 and   q 1i i
2m 2 for some i. Now suppose a  3. Then we have that1
  3 m i 	 a i  i 		 	a i  i 	 a iŽ . Ž . Ž .i 1 2 1 2 d1 d2 d1 d d1
 3m	 a  3 i 	 	 a  a i  4m 3Ž . Ž .2 1 d d1 d1
Ž . Ž . Žand 3 m i  2m 2; that is, 3i m	 2. Hence a  3 i 	 a 1 1 2 1 3
. Ž .a i 	 	 a  a i 	 5m	 2 3i . Since a  a , . . . , a 2 2 d d1 d1 1 3 2 d
a  0, we get a  3 3; that is, a  5 as required.d1 2 2
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Ž . Ž . Ž . Ž .Since 1  1  is clear, we prove 1  3 only. To see this, we
Ž .assume that a  3, a  6, and that R  is F-rational for a given1 2
q	1 2 q Ž q.integer r 1. Then by the above argument, x 
 	 x for all0 1
e Ž r1 r1 .q 2 r qsufficiently large q p . This implies that c x x x 
 	2 1 0
Ž r q r q r q.x , x , . . . , x . Thus1 2 d
r1 r1 2 r r rx x x 
  , x A , . . . , x A *. 42 1 0 1 d
This yields a contradiction by Theorem 2.2 because x r1 x r1 x  2 r 	2 1 0
Ž r r .x , . . . , x . Hence we have completed the proof of Theorem 5.1 as well as1 d
that of the proposition.
Remark. Under the same notation as in Theorem 5.1, using a method
  Ž .similar to that in Si, Example 6.3 , we can show that R  is F-rational if
Ž .  and only if so is Proj R  ; equivalently, A x is F-rational for alli
i 1, . . . , r. In particular, this gives us an alternative proof of Theorem
Ž .5.1 4 .
  Ž .5.8. Discussion. In HWY , we will prove that if R  has only a log
Žterminal singularity then A is a terminal singularity in characteristic
. Žzero . Furthermore, in the case of three-dimensional Gorenstein nonregu-
. Ž .lar normal local rings, R  is a Gorenstein rational singularity if and
Ž . Žonly if A is a compound Du Val abbreviated cDV singularity i.e., it
admits a nonzero divisor a
 such that AaA is a rational double
.point . See also Proposition 5.6. In this observation, we cannot relax the
Ž .Gorensteinness of R  . In fact, we have the following example.
  Ž 3 3 3 3.EXAMPLE 5.9. Let A k x, y, z, w  x 	 y 	 z 	 w , where k is
Ž .an algebraically closed field of characteristic p 0. Put  x, y, z, w A.
Ž .Then since A can be regarded as a homogeneous k-algebra with a A 
Ž .1, it is F-rational for large enough p. For such a prime p, R  is also
Ž . Ž .F-rational by Facts 1.7 viii . On the other hand, as R  is Gorenstein, it
Ž .is F-regular. Hence R  is also F-regular; see also Example 2.14. But
Ž . Ž Ž .. Ž .R  is not Gorenstein since a G   a A 1.
On the other hand, since A does not have minimal multiplicity, there
exists no nonzero divisor a
 such that AaA is F-rational.
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